
1

²¾pÆ

(4Hbí�-Éus�«�, 1/·uÍT²¾í«�� Bbzs_²¾‹Êø–)ƒ v + w ,

àbå c D d …b)ƒ cv D dw� yzs�«�!¯Êø–, ÿuz cv D dw ‹ƒø–,

Z)ƒ…bí(4 ¯ cv + dw �

(4 ¯Ê¥Æ{˙³u|b'íh1! �v`BbÛbø Ôìí ¯, úkÔ�²|Ví

c D d, ßÞFÛbí cv + dw� ¢�<v`Bb;õƒ (*‰“ c D d 7Ví) F�í ¯� F

�x� cv $�í²¾}§Aø‘(, F�x� cv + dw $�í²¾¦�}/Åù&˛Èí�

Þ�(B.âzu “ù&” í�Þ, ÄÑ(4Hb³or|Ûò&˛Èí�Þ�) Êû&˛È³û_

²¾ u , v ,w , z í ¯”ª?kÅc_˛È�

�øıbj„¥<�-íh1, F�í‰a·ø�Ê¥<h15,� Bbl*ù&Dú&í

²¾pG, ÄÑ…bªœßå|V� 5(, Bbøªpyò&í˛È� (4Hb|IA�ï¿…í

Ô�, ÿu…?éBb'�ßíFp n &˛È� ¹Uå.|V�&˛Èí²¾, 5ú…í;dÇ

dEÍªJuêr£üí�

…z£ub% n &˛Èª›, 7� 1.1 �D� 1.2 �í«�6Bb•|Çåí�¥�

1.1 ²¾‹¶ v + w D(4 ¯ cv + dw�

1.2 õ	 v ·w DÅ� ‖v‖ =
√

v · v�

1.1 ²¾D(4 ¯

“5.?zÛ‹��ä‹ƒø–�” */�hõVõ, ÿuÑ7;bd¥�9BbnÛb²¾! cà

BbzÛ‹íbñD�äíbñ}��|, Bbÿ�øúbå� µøúbåÿuø_ù&²¾ v ,

…í “}¾” u v1 D v2:

v =

[

v1

v2

]

v1 = Û‹íbñ,

v2 = �äíbñ�

1



2 � 1 ı ²¾pÆ

Bbz v ŸAø_W²¾� ñ‡íbõuzøúbå v1 D v2, àø_ (Ä.ñí) å‚ v VH

[�

¹UBb.z v1 D v2 ‹ƒøT, Bb6ªJ‹²¾� v D w í�ø_}¾D�ù_}¾ø

}}ÇTÜ:

²¾

‹¶
v =

[

v1

v2

]

D w =

[

w1

w2

]

‹A v + w =

[

v1 + w1

v2 + w2

]

�

5õ|−Ü7ß� Bb´ubzÛ‹‹ƒÛ‹,� ²¾íÁ¶Uà°šíh1: v − w í}¾u

v1 − w1 D �

ÇÕø_!…«�uÓ¾¶� ²¾ªJà 2 C6 −1 C6LSø_b c V� �s�j¶

zø_²¾‹I, ø�uà‹¶ v + v , Çø� (y�àí) j¶uz©ø_}¾, 2:

Ó¾

¶
2v =

[

2v1

2v2

]

D − v =

[

−v1

−v2

]

�

²¾ cv í}¾u cv1 D cv2� bñ c ˚Ñ “Ó¾” �

·< −v D v í¸uÉ²¾ 0, …DbñÉu.ó°í! É²¾ 0 í}¾u 0 D 0� ŸÖ

BMM_È¥²¾�…í}¾5Èí}Ò�(4Hbÿu�Ê²¾‹¶ v + w DÓ¾¶ cv

¥<«�5,í�

‹¶íŸåJu³BóÉ[: v + w �k w + v� BbàHbVð�ø-: �ø_}¾u

v1 + w1, µu�k w1 + v1� yàWäVð�:

v + w =

[

1

5

]

+

[

3

3

]

=

[

4

8

]

=

[

3

3

]

+

[

1

5

]

= w + v�

(4 ¯

z²¾‹¶DÓ¾¶!¯–V, BbÿªJT| v D w í(4 ¯� là c  v , yà d 

w , |(z…b‹–V)ƒ cv + dw�

ì2 cv D dw í¸˚Ñ v D w í(4 ¯�

�û�Ôyí(4 ¯, }�u¸� Ï� É� Ó¾	 cv :

1v + 1w = Ç 1.1 2²¾í¸

1v − 1w = Ç 1.1 2²¾íÏ

0v + 0w = É²¾

cv + 0w = D v °j²í²¾ cv

Bb,u�ª? ¯|É²¾, Ébz[b·qìÑÉÿªJ7� ©çBbõƒâ²¾ZAí

“˛È” v, w2.Í}�É²¾� ¥�5?F� v D w í ¯í‰hõ¶, nU)BbíÜ�

yÑ�à�



� 1.1 � ²¾D(4 ¯ 3

BbªJàÇ$Võ²¾í4”� úkHb«�7k, BbÉÛbàƒ}¾ (Wà 4 D 2)� Ê

�Þ,, ²¾ v ªJàø_¶åV[ý� ¶å²¬• v1 = 4 ÀP, y²,• v2 = 2 ÀP� ¶å

Nƒíõw x, y è™}�Ñ 4 D 2� ¥_õ6u²¾íÇÕø�[ý¶ — BbÄ7�ú�·H

v íj¶, à¶å� àõ� C6àøúb�

à‹Uà¶å, 5ªJõ|Vv5óå¸²¾ v + w :

²¾‹¶(*¶®ƒ¶ª) Ê v í¶ªT[, w í¶®�

Bbl•O v •, y•O w •� C6BbªJòQ• v + w í¡�� Bb6ªJl•O w •,

y•O v •� ¥<·u•O�Wûi$ (…W2�ßuä$) y¤°¦í•¶� Ç 1.1 í«õÿ

uúi( v + w , 6/ßuúi( w + v�

w =

[

−1

2

]

v w

v + w v =

[

4

2

]

v + w =

[

4

2

]

+

[

−1

2

]

=

[

3

4

]

v − w

w =

[

−1

2

]

v =

[

4

2

]

−w =

[

1

−2

]

v − w =

[

4

2

]

−
[

−1

2

]

=

[

5

0

]

[

5

0

]

Ç 1.1: ²¾‹¶ v + w ßÞ�Wûi$íúi(� ¬ií(4 ¯u v −w �

É²¾í}¾u v1 = 0 D v2 = 0� ÄÑÉ²¾Øs, J_Bb³¶å|ø_¶åV, ªu

5ø− v + 0 = v� Bk 2v á, Bbÿz¶åÅ�‹I� 7b)ƒ −v , ÉÛz¶åJ�¬V�

Ç 1.1 2íÁ¶, ÿuà7¥�J�¶åíj¶�

2

4
O

A

v

P

B

v =
−−→
OP =

−−→
AB =

[

4
2

]

1

2

1

2
v

−1

2
v

[

−2
−1

]

[

2
1

]

Ç 1.2: ¶å¦�âŸõ (0, 0) Çá; cv ,uD v �W�
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ú&˛È³í²¾

Ë�s_}¾í²¾ú@k xy �Þ,íø_õ� ²¾ v ís_}¾uvõís_è™: x = v1

D y = v2� [ý²¾í¶å* (0, 0) |êƒ®¥øõ (v1, v2)� ÛÊBbor²¾�ú_}¾,

(v1, v2, v3), 1/àú&˛ÈV¦H xy �Þ�

J-u�_øOí²¾ (´uW²¾, .¬�ú_}¾):

v =





1

2

2



 , w =





2

3

−1



 , v + w =





3

5

1



 �

ÛÊ²¾ v ú@kø_ú&˛Èí¶å�¦�¶å*Ÿõ|ê, vTu xyz Wí>}T, 7wè

™u (0, 0, 0)� ¶åNƒíõË�íè™u v1, v2, v3� ÊW²¾D*Ÿõ|êí¶å5È, J£

W²¾D¶åNƒíõ5È, ·�êríú@�

*ÛÊÇá v =





1

2

2



 6ŸA v = (1, 2, 2)�

Bbà[ÊÆ�C³í$�VŸ²¾, uÑ7�ô˛È� Ou v = (1, 2, 2) 1.uø_�²¾!

…wõuø_W²¾, ÉuvÖ�7� …D�²¾ [ 1 2 2 ] uêr.°í� ÖÍ…bíú_}

¾·øš, Ou [ 1 2 2 ] u²¾ v í “�0” �

y

x

(3, 2)

[

3

2

]

x

y

z




1

−2

2





1−2

2

(1,−2, 2)

Ç 1.3: ²¾
[

x
y

]

D
[

x
y
z

]

ú@kõ (x, y) D (x, y, z)�

Êú&˛È³, ‹¶ v + w ´u)ø_}¾ø_}¾VT� ¸²¾í}¾}�u v1 + w1,

v2 + w2, v3 + w3� *¥³5ªJõ|VàSÊ 4 &� 5 &� ÝB n &˛È³T²¾í‹¶7� ç

w í¶®[Ê v í¶ªv, �úi£ßu v + w � ÇÕø�•¬�Wûi$íj�u w + v �

½æ: �Wûi$íûi·rÊ°ø_�Þ,ý? uí� ²¾ v + w − v − w c_÷ø˛ßÞ

²¾ �

ú&˛È³ú_²¾í(4 ¯øOÿdu¥_šä u + 4v − 2w :

(4 ¯





1

0

3



 + 4





1

2

1



 − 2





2

3

−1



 =





1

2

9



 �
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½bí½æ

à‹É�ø_²¾ u , †F�í(4 ¯ÿÉu�bI cu� úks_²¾7k, (4 ¯ÿu

cu + dv � úkú_²¾7k, (4 ¯ÿu cu + dv + ew � 5è<F�ø×¥ *ø_(4 

¯•ƒF�í(4 ¯ý? F�ª?í c, d, e ·ªJ“Và� cq²¾ u , v ,w uú&˛È³

í²¾:

1. F�(4 ¯ cu ZAíÇduBóšä?

2. F�(4 ¯ cu + dv ZAíÇduBóšä?

3. F�(4 ¯ cu + dv + ew ZAíÇduBóšä?

¥<½æí��}�_�í²¾ u , v , w �É� cà…b·uÉ²¾ (¥uÝ�”«í8$), †

©_(4 ¯·uÉ� cà…buøO4íÝÉ²¾ (}¾uÓœË²|Ví), †�ú���� J

-uBbn�{æíÉœ–1:

1. (4 ¯ cu /Åø‘ò(�

2. (4 ¯ cu + dv /Åø_�Þ�

3. (4 ¯ cu + dv + ew /Åø_ú&˛È�

ò(uÌ¤Å, j²†uD u ó° (²‡� ²(� J£¡¬É²¾)� BÔ�ı�5;ø- (âs

‘ò( Aí) �Þ cu + dv uBóšä�

zø‘ò(,F�í cu ‹ƒÇø‘ò(,í dv ÿ}/ÅÇ 1.4 ³í�Þ�

u

âF� cu

ZAí(

(a)

u
v

âF� cu + dv

ZAí�Þ

(b)

Ç 1.4: (a) ¦¬ u íò(� (b) ¨Ö¦¬ u D v s‘ò(í�Þ�

çBbùªV�ú_²¾ w , µ<�bI²¾ ew ÿ#|7�ú‘ò(� cqµ‘ò(.Ê

u D v ²ìí�Þ,, µóz ew DF� cu + dv  ¯–V, ÿ}/Åc_ú&˛È�

¥u|xH[4íøOÕ”! luò(, Í(u�Þ, Í(u˛È� Ou�íª?46u}æÊ

í� ç w �ßu cu + dv ív`, †�ú_²¾}rÊås_²¾²ìí�Þ,� ku u , v ,w
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í(4 ¯.}•| uv �Þ� Bbÿ).ƒc_ú&˛È7�~;;õ½æ 1 ³íµ<Ôy8

”�

Éœ–1µ3

1. ù&˛Èí²¾ v �s_}¾ v1 D v2�

2. l� v + w = (v1 + w1, v2 + w2) D cv = (cv1, cv2) v, uø_}¾ø_}¾ËV��

3. ú_²¾ u , v , w í(4 ¯u cu + dv + ew�

4. Êú&˛È³, u í(4 ¯, C6 u , v í(4 ¯, C6 u , v , w í(4 ¯¦�}

/Åø‘ò(� ø_�Þ� C6c_˛È�

�jWæ

1.1 A ·H v = (1, 1, 0) D w = (0, 1, 1) F�í(4 ¯� vø_.u v D w í(4 

¯í²¾�

j� ¥s_²¾uú&˛È R
3 ³í²¾, …bí(4 ¯ cv + dw }/Å R

3 ³ø_�

Þ� Êµ_�Þ,í²¾or�®� c D d íM:

cv + dw = c





1

1

0



 + d





0

1

1



 =





c

c + d

d



 �

&à: (0, 0, 0), (2, 3, 1), (5, 7, 2), (
√

2, 0,−
√

2) ·uÊµ_�Þ,í²¾� �ù}¾,u�ø

D�ú}¾í¸� ²¾ (1, 1, 1) ÿ.Êµ_�Þ,�

ÇÕø�·H¥_¦¬ (0, 0, 0) í�Þíj¶, uvƒø_�òk¤�Þí²¾� …W³ n =

(1,−1, 1) uø_�òí²¾� � 1.2 �}�Ü²¾íõ	, µvBbÿªJà v · n = 0 D

w · n = 0 Vð„²¾u´�òk�Þ�

1.1 B ˛ø v = (1, 0) D w = (0, 1)� (1) ç c ucbv, J£ (2) ç c ≥ 0 uÝŠbv,

}�·HF�íõ cv , J£F�í(4 ¯ cv + dw (w2 d ªJuL<b) �

j�

(1) ç c Ñcbv, ²¾ cv = (c, 0) u x W (ÿu v íj²) ,��×}0íõ, du

(−2, 0), (−1, 0), (0, 0), (1, 0), (2, 0)� ‹,F�í²¾ dw = (0, d), ÿuÊµ<õ,[,

øc‘ y j²íò(� Bb)ƒÌ¤‘�W( cv + dw = (cb, L<b)� ¥<uÊ xy

�Þ,í�ò(, …b¦¬ x W,��×}0íõ�



� 1.1 � ²¾D(4 ¯ 7

(2) ç c ≥ 0 v, ²¾ cv /Åø‘ “šò(” � µ‘šò(u£ x W, …í–õuç c = 0

víõ (0, 0)� šò(¨Ö7õ (π, 0), O.¨Öõ (−π, 0)� ‹,F�í²¾ dw ÿuÊ

šò(í©_õ,[,øc‘ y j²íò(� BbÄ7)ƒø_š�Þ�µuç x ≥ 0 v

xy �Þí¬š�Þ�

3æ 1.1

½æ 1–9 uÉk²¾í‹¶D(4 ¯�

1 ‚à�Síj� (duø‘ò(� ø_�Þ · · · ) ·H-�²¾í(4 ¯:

(a)





1

1

1



 D





4

4

4



 (b)





1

0

0



 D





0

1

1



 (c)





1

0

0



 D





0

1

1



 D





1

1

1



 �

2 Ê°ø_ xy �Þ,, å|²¾ v =
[

4
1

]

D w =
[

−2
2

]

J£ v + w D v −w �

3 cà v + w =
[

3
1

]

1/ v − w =
[

1
3

]

, l�1å| v D w�

4 * v =
[

2
1

]

D w =
[

1
2

]

, }�v| 3v + w , v − 3w , cv + dw í}¾�

5 úkJ-í²¾

u =





1

2

3



 , v =





−3

1

−2



 , w =





2

−3

−1



 ,

�| u + v , u + v + w , 2u + 2v + w�

6 ©ø_ v = (1,−2, 1) D w = (0, 1,−1) í(4 ¯í}¾,¸Ñ � ©v c D d

U) cv + dw = (4, 2,−6)�

7 Ê xy �Þ,å|J-��(4 ¯:

c

[

3

1

]

+ d

[

0

1

]

w2 c = 0, 1, 2 7 d = 0, 1, 2�

8 Ç 1.1 ³í�Wûi$íúi(u v + w� ÇÕø‘úi(uBó? s‘úi(í¸uB

ó? z²¾¸å|V�

9 cà�Wûi$�ú_Ýõu (1, 1), (4, 2), (1, 3), ¨<õ�ª?AÑ�û_Ýõá? å

|s_¥šíõV�

½æ 10–14 u�Ék£jñDv ,íÔì²¾�
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i

j

k

(0, 0, 1)

(0, 1, 0)

(1, 0, 0)

4:00

Ç 1.5: â i , j , k ²ìíÀPjñ; �ù_üví²¾�

10 Ê£jñ³å| i = (1, 0, 0), j = (0, 1, 0), k = (0, 0, 1) í²¾¸� i + j ßÞ|

íúi(�

11 £jñ�û_Ýõu (0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1)� wFû_ÝõuBó? v|

£jñí2-õíè™�ý_Þí2-õu �

12 Êû&˛È³£jñ�Öý_Ýõ? �Öý_Þ? ø_xH[4íÝõu (0, 0, 1, 0)�

13 (a) *v 2-ƒ 1:00, 2:00, . . . , 12:00 í²¾‹Êø–)ƒí²¾ V uBó?

(b) càzN² 4:00 í²¾“•, ”-í�ø_²¾í¸uBó?

(c) N² 1:00 íÀP²¾uBó?

14 cq�ù_²¾.u*2-í (0, 0) |ê, 7u*�«í 6:00 |ê, †N² 12:00 í²¾

ÿ‹IÑ 2j = (0, 2)� ÛÊ°�ù_h²¾í¸�

½æ 15–19 ªø¥«n v D w í(4 ¯ (~õÇ 1.6)�

15 Ç2éý| 1

2
v + 1

2
w � å|J-�õ: 3

4
v + 1

4
w , 1

4
v + 1

4
w , v + w�

16 å|õ −v + 2w J£LSø_Å— c + d = 1 í(4 ¯ cv + dw� å|F�Å—

c + d = 1 í(4 ¯FZAíò(�

17 v| 1

3
v + 1

3
w D 2

3
v + 2

3
w � (4 ¯ cv + cw /Å¨ø‘ò(? Ê c ≥ 0 íÌ„‘K

-, Å— c = d í(4 ¯/Å¨ø‘šò(?

18 Ê 0 ≤ c ≤ 1 D 0 ≤ d ≤ 1 íÌ„‘K-, àµ	å|F�(4 ¯ cv + dw F2Wí

ä��

19 ÉÌ„ c ≥ 0 D d ≥ 0, å|F�(4 ¯ cv + dw í “iV” �

½æ 20–27 −£ú&˛Èí²¾ u , v ,w (~õÇ 1.6)�
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20 Ê™(úi$qv| 1

3
u + 1

3
v + 1

3
w D 1

2
u + 1

2
w � �‘D4í½æ: Ê c, d, e ,‹Bó

Ì„‘K, ªJU(4 ¯ cu + dv + ew /Åc_™(úi$?

21 ™(úi$íúi}�u v − u , w − v , u −w , …bí¸u � ‚à=÷úi$¶

åQ¶®í‹¶j�, å| (3, 1) ‹ (−1, 1) ‹ (−2,−2)�

22 ‚àµ	å|Å— c ≥ 0, d ≥ 0, e ≥ 0 D c + d + e ≤ 1 F�(4 ¯ cu + dv + ew

íÀå*� å|²¾ 1

2

(

u + v + w
)

, õ…uÊÀå*q¶´uÕ¶�

w

u = 1

2
v + 1

2
w

v

w

v

u

v − u

Ç 1.6: Ê�Þ,í½æ 15–19 Êú&˛È³í½æ 20–27

23 cà5hôF�â u , v , w ZAí(4 ¯5(, u´?‡ì�³�.?à cu +dv +ew

[ýí²¾?

24 ¨<²¾mu u D v í(4 ¯, ¢u v D w í(4 ¯?

25 å|²¾ u , v , w V, U)…bí(4 ¯ cu + dv + ew /Åø‘ò(� å|²¾ u ,

v , w V, U)…bí(4 ¯ cu + dv + ew /Åø_�Þ�

26 ²¾

[

1

2

]

D

[

3

1

]

íBóš(4 ¯}ßÞ

[

14

8

]

? z¥_½æ[ýA(4 ¯³í[b

c D d íj˙��

27 µ3æ: Ê xyz ˛È³, â i = (1, 0, 0) D j = (0, 1, 0) F�(4 ¯ZAí�ÞÊ¨

³?

28 cà (a, b) u (c, d) íÓ¾Ib, 7/ abcd 6= 0, „p (a, c) u (b, d) íÓ¾Ib� ¥_

Ûïu|˛<eÕí½b, 5ªJz…çduø_�‘D4í½æ� 5.^làbåVõõ

a, b, c, d uàSÉ©–Ví� ½æ…™}û²-Þí9õ:

cà A =
[

a b
c d

]

í®W(4óÉ, †…í®�6u(4óÉ�

|�û_: cà AB =
[

1 0
0 1

]

, † BA =
[

1 0
0 1

]

� ¥õ–Vßd'�À . . .


